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ABSTRACT 

An experimental and a n a l y t i c a l  inves t iga t ion  of heat  t r a n s f e r  from a horizon- 
EXperimental t a l ,  t h i n ,  square p l a t e  i n s i d e  of an enclosure has been car r ied  out .  

r e s u l t s  have been obtained from both the  upward-facing and the  downward-facing s i d e s  
of the heated p l a t e .  S t a r t i n g  with the  in tegra ted  momentum and energy equations,  
approximate solut ions have been obtained f o r  heat t r a n s f e r  i n  the laminar and t h e  
turbulent  regime t h a t  c o r r e l a t e  well  with own experimental data  and the  r e s u l t s  of 
other  inves t iga tors .  
t i o n .  Effects  of the  enclosure-related r e c i r c u l a t i o n  of the  tes t  f l u i d ,  as well  
as e f f e c t s  of simultaneous heat t r a n s f e r  on both s i d e s  of the  p l a t e ,  caused an e a r l y  
t r a n s i t i o n ,  and indicated a high l e v e l  of i n t e r n a l  t u r h l e n c e  . 

Radiative heat t r a n s f e r  correct ion was given a spec ia l  a t t e n -  

I N T R  ODU CTI ON 

Heat t ransfer  from horizontal ,  heated p l a t e s  by far has not  received t h e  a t ten-  
t i o n  accorded t o  o ther  geometries. There appears s t i l l  t o  e x i s t  a general  s c a r c i t y  
of representat ive experimental d a t a ,  i n  p a r t i c u l a r  i n  the  t u r k l e n t  regime. A s  heat 
t r a n s f e r  by f r e e  convection, f o r  moderate temperature d i f f e r e n t i a l s ,  i s  of the  same 
order of magnitude a s  t h a t  by rad ia t ion ,  t h e  need f o r  r a d i a t i o n  correct ion during 
experimentation cannot be disregarded. Therefore, the  experimental results below 
have been carefu l ly  checked f o r  t h e  e f f e c t s  of rad ia t ion .  Also,  equations of t h e  
boundary-layer type are set  up, describing f r e e  convection on both s i d e s  of a hori-  
zontal  p l a t e  of f i n i t e  dimensions, heated e l e c t r i c a l l y .  S imi la r i ty  i s  assumed f o r  
both the  ve loc i ty  and temperature p r o f i l e s .  These assumptions a r e  then j u s t i f i e d  
by a c lose  agreement between the  r e s u l t s  of the  ana lys i s  and the  experimental f ind-  
ings and the  l i t e r a t u r e  on the  subject .  
as w e l l  as for t u r h l e n t  free convection. Due t o  highly shel tered conditions ins ide  
the chamber where the  present experiments were car r ied  out ,  undesirable disturbances 
l i k e  uncontrollable small a i r  movements were eliminated. 
walls of the  chamber and the  tes t  p l a t e  should have made the  r e s u l t i n g  f r e e  convec- 
t i v e  flow e s s e n t i a l l y  undisturbed by the  presence of the  confining walls. 

The so lu t ions  obtained apply f o r  laminar 

Ample space between t h e  

. 

SYMBOLS 
2 

area of specimen, m 
2 

A1 
a thermal d i f f u s i d t y ,  m / s  

- a 
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constant i n  reference ve loc i ty  equations, s 
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s p e c i f i c  heat  a t  constant pressure,  J / ( X  kg) 

Grashof number, @L 3 (Tw - T,)/u 2 , GrL/L 3 , m -3 

heat t r a n s f e r  c o e f f i c i e n t ,  W/(m%) 

thermal conductivity,  W/(m K) : empirical constant i n  expression f o r  5 

numerical constant i n  expressions f o r  the Rayleigh number 

pressure,  N/m 

Prandt l  number, v/a  

2 

heat f l u x  densi ty ,  W/m 2 ; heat flow r a t e ,  W 

coordinate,  r a d i a l  d i rec t ion ,  m; rad ius  of t es t  p l a t e ,  m 

gas  constant ,   kg K) 

Reynolds number, Ur /v  

Rayleigh number, G r  P r  

thermodynamic temperature, K 

dr/dt  , veloci ty  ; reference ve loc i ty ,  r -d i rec t ion ,  m / s  

s p e c i f i c  volume, m3/kg 

dz/dt, veloci ty  ; reference veloci ty ,  z-direction (perp. t o  p l a t e ) ,  m / s  

coordinate perpendicular t o  p l a t e ,  m 

Nusselt number, hL/k 

cubic expansion c o e f f i c i e n t ,  K -1 

boundary-layer thickness,  

emissivity of specimen 

kinematic v i scos i ty ,  m 2 / s  

mass densi ty ,  k g / m  3 

m 

4 2  Stefan-Boltzmann constant , W/(K 

reduced temperature, T - T,, K 

I n  turbulent  regime, u ,  U ,  w ,  and W represent  mean-flow v e l o c i t i e s  

m ) 
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Subscripts : 

m condition where maximum veloc i ty  occurs i n  the  polynomial expression 

W " a t  the w a l l  of p l a t e  

00 " far  away from w a l l  

1 EXPERIMENTAL TEST SET-UP 

I n  order t o  make the  intended free-convective experiments reasonably accura te ,  
it was decided t o  tes t  the  specimens,that were t o  be used as  the  horizontal  p l a t e s  
i n  the  t e s t s ,  independently f o r  emissivity under high-vacuum conditions.  
a high-vacuum chamber was hilt first, t h a t  could contain pressures as low as 1-0 
mm Hg ,  with the  mean f r e e  path of molecules i n s i d e  long enough t o  eliminate convec- 
t i o n ,  and t o  leave only rad ia t ion  as the mode of heat t r a n s f e r .  
the specimen support wire, and the  heater  and the  thermocouple wires was calculated 
t o  be l e s s  than 1% of the t o t a l  hea te r  input .  For free-convective measurements, a t -  
mospheric pressure ins ide  of chamber was reestabl ished.  

Therefo e ,  4 
Conduction along 

A s  the  t o t a l  a rea  of specimens, A1, represented only 2 .I% of the wall area of 
the vacuum chamber (Fig.1) , the  required emissivity could be calculated from the  
formula 

I The emiss iv i t ies  measured with t h i s  set-up a r e  seen i n  Fig.2. 
be of the  r i g h t  order of magnitude, when compared with results from t h e  l i t e r a t u r e ,  
and appear t o  be adequate f o r  making rad ia t ive- loss  correct ions i n  free-convective 
measurements more r e a l i s t i c .  

They a l l  appear t o  I 

I 
BASIC EQUATIONS OF THE PROBLEM 

L e t ' s  now consider n a t u r a l  convection flow of a Newtonian, s ing le  species  f l u i d  I 
l 

over a horizontal  surface i n  an axisymmetric flow, with the coordinates r and z .  
The flow is i n  the steady state, the  veloci ty  f i e l d  c o n s i s t s  of u = dr/dt and 
w = dz/dt, and the corresponding temperature f i e l d  is T = T ( r , z ) .  
face  force  i s  the  pressure,  and the  body force  i s  the g r a v i t a t i o n a l  f o r c e ,  g ,  a l l  
ac t ing  on a horizontal  p l a t e  86.0 mm i n  diameter which, i n  t u r n ,  gives  r i s e  t o  con- 
vect ive flow considered pos i t ive  i n  the  d i r e c t i o n  towards t h e  center  of p l a t e ;  
edge of p l a t e ,  r = 0 .  We assume t h a t  t h i s  flow is  amenable t o  a n a l y t i c a l  treatment 
using the  boundary-layer theory approach, together with Boussinesq approximation to-  
wards the  treatment of the  var iable  physical  propert ies .  Also, there  i s  assumed si- 

the energy equations assume the  form 

The ac t ing  sur- 

a t  

I milar i ty  of veloci ty  and temperature p r o f i l e s .  Then the  cont inui ty ,  momentum, and 

= a -  a T  
a r  a Z  2 

u -  a T  + w -  
a z  
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with the  boundary conditions: 

a t  z =  0 ,  u =  w =  0 ;  

a t  z =  6 ,  u =  0 ,  T =  

On d i f f e r e n t i a t i n g  eq. 
we have 

- 

T = T = cons t ;  a t  the  edge of p l a t e ,  r = 0 ,  and u = 0 ( 6 )  W 

T ~ ;  au/az = aT/az = o (7)  

(4) with respect  t o  r ,  and in t eg ra t ing  it with respec t  t o  z ,  

This approach t o  free convection on a hor izonta l  p l a t e ,  apparently first out l ined  
by Stewartson [I], 
axisymmetric f l o w .  Thus, from the  cont inui ty  equation, w e  have 

f o r  two-dimensional f l o w ,  i s  appl ied here t o  three-dimensional, 

%Pations (8) and ( 9 )  , on subs t i t u t ion  i n  eq. ( 3 ) ,  af ter  p a r t i a l  i n t eg ra t ion ,  
y ie ld  

Fquation ( 5 )  may be transformed i n  a s i m i l a r  fashion af ter  a p a r t i a l  i n t eg ra t ion .  
Let t ing 0 = T - T,, and assuming t h a t  6 (hydrodynamic) M 6 ( thermal) ,  there  r e s u l t s  

c p - I d  -(r So 6 u0 dz) = -k (-) a e  
p r dr az  w 

Addit ional ly ,  l e t t i n g  the  ve loc i ty  and temperature p r o f i l e s  be 

u = u (z /6) ( l  - z/s)2; e = e w ( l  - z/6)2 (1 2 )  
as proposed, f o r  example, by Ekkert and Drake f o r  a r e l a t e d  problem [ 21, and l e t t i n g  

(13) 
m n U = C  r ; 6 = C  r 

a speedy so lu t ion  of eqs.  (IO) and (11) i s  obtained. 

1 2 

With fl = I/Tm, we g e t  

rdr ( a 2 6 )  = 17.5 @ 06 d6/dr - 105 v(U/6) ,  and (14) 

( a e w 6 )  = 60 aeJ6 r d r  

which, a f t e r  eq. (13) has been subs t i t u t ed ,  y i e ld  

m-n - IO5 (C1/C2) r v and ( ~ m  + n + I ) C ~ C ,  r 2m+n-1 = 17.5 @ Own C2 2 ,2n-1 

( m  + n + I )  c1c2 r m+n-l = 60 a r-n/C2 (1 7 )  

For  s i m i l a r i t y  so lu t ions ,  both s i d e s  of these equations must be independent of r; 
t h i s  i s  t r u e  i f  m =*1/5 and n = 2/5 f o r  t he  present geometry. Then eqs. (16) and 
(17) y i e l d ,  with G r  = Gr/L3 

c 1 = 2.978 a pr4l5( 9/14 + Pr)-2/5 ( G $ )  2/5 and 

C2 = 3.548 pr-2/5( 9/14 + ~r)'" ( Cr*)-1/5 
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from which, together  with eq. (13) i s  calculated the  l o c a l  heat t r a n s f e r  c o e f f i c i e n t  

hr = qJew 

while the  average heat t r a n s f e r  c o e f f i c i e n t  becomes 

= 0.705 k Pr2/5( 0.643 + Pr)-1/5(Gr*)1/%-2/5 
I % 

I n  order t o  obtain a formula f o r  the  average heat t r a n s f e r  c o e f f i c i e n t  
based on the  sidq L of an e 
(equivalent)  = nzR , hR = n-'?5, and NUL = h&k, o r  

i v a l e n t  square p l a t e ,  w e  l e t  L2 = nR2, such that L 

l/5 
NuL = 0.886 Pr2l5 (0.643 + Pr)-1/5 GrL 

(19) 

I For a i r  (Pr = 0.72),  t h i s  generates  the  Rayleigh number, R a  = G Pr, h s e d  on L,  o r  
L 5' 

NuL = 0.780 R a L  1 /5 

f o r  a horizontal  square p l a t e  heated on the  t o p  s i d e  only. 
of coordinates,  6 = 0 a t  the  edge of p l a t e .  
heated a t  both s i d e s ,  6 # 0 a t  the  edges. 
j e c t  (cf .  reference 3, f o r  example), a horizontal  p l a t e  
i t s  heat t ransfer  on the upper s i d e  appreciably increased by formation of a w a r m  a i r  
"bubble" on i t s  lower s ide .  It appears i n  the  present case t h a t  increasing the  area 
of p l a t e  by about one f i f t h  generates  an "effect ive area" t h a t  shows r e a l i s t i c a l l y  
the  effect of heating of the  bottom side of  p l a t e  on heat t r a n s f e r  on the  upper side 
i n  t h e  form of an "effect ive radius" ,  Reff 

With the present choice 

According t o  the  l i t e r a t u r e  on t h i s  sub- 
I n  the  case of a horizontal  p l a t e ,  

heated on both s i d e s  has  

I t o  be used as t h e  upper l i m i t  i n  the evaluation of the  average hea t  t r a n s f e r  coef f i -  
c i e n t  

R,eff = 0.81 6 k Fr2/5 (0.643 + Pr)-'l5 Gr1/5/R 

which, f o r  example, f o r  Pr = 0.72, results i n  

= 0.902 R? l / 5  

The ve loc i ty  and temperature p r o f i l e s  appl icable  here as per eqs.(6) and (7) 
s a t i s f y  the  physical conditions of the  problem a t  hand, eqs.(2) - (5). and reduce t o  
zero f o r  z > 6 .  They are a l s o  f o r  z < 6  q u a l i t a t i v e l y  what can be reasonably expec- 
ted  i n  free convective flow under conditions of conservation of mass and energy, 
regardless  of or ien ta t ion  of flow, with exception of a small area near the p l a t e ' s  
cen ter ,  where an upward-pointing j e t  is generated, as has been already observed by 
Stewartson [l]. This effect w i l l  be accounted f o r  below i n  a separate  discussion. 
Other ve loc i ty  and temperature p r o f i l e s  have been considered. It may be seen from 
the comparison with t h e  experimental r e s u l t s  (cf  . discussion below) that eqs.  (21) 
and (24) come already reasonably c lose  t o  physical  r e a l i t y .  
best  j u s t i f i c a t i o n  of the  methods used above, and f o r  t h e  p a r t i c u l a r  u and 0 used. 

This is perhaps the  

Ekperience teaches u s  t h a t  i n  free convection i n s i d e  an enclosure (cf .  M c A d a m s  
[SI, p .  182) tur lulence may develop already a t  r e l a t i v e l y  low Grashof numbers. For  
t h e  case of heated, horizontal  p l a t e s ,  t h i s  i s  explainable by t h e  d e s t a b i l i z i n g  ef- 
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f e c t  of the  upward-directed buoyant force on the  boundary-like l a y e r  formed by the 
f l u i d  flowing i n  the  d i rec t ion  tangent ia l  t o  the  p l a t e .  Fo r  developed turbulent  
flow, the  last term i n  eq. (10) may be replaced by the semi-empirical expression 

0.0228 U2 ( ~ / U 6 ) ~ ( 6 / 6  )’ J2-’ m 
and the right-hand s i d e  of eq. (11) may be defined as 

(26) 0.0228 c p U0 (v/UG)’ Pr-”’(6/6,) P J 1-P 
P W  

while the veloci ty  and temperature d i s t r i b u t i o n  may be wri t ten ( c f .  Eckert and Jack- 
son [ L C ] ,  and reference 2 ,  p. 324) as 

u = U J  ( ~ / 6 ) ” ~ ( 1  - z/6)‘ ; 0 = 0 J l  - ( z / 6 )  

with the  exponents q ,  s,  and t determined l a t e r .  

Since eqs. (25) and (26) were or ig ina l ly  based on the maximum veloc i ty  i n  the  
boundary l a y e r ,  occurring here a t  z = 6 , a normalizing sca le  f a c t o r  i s  introduced 
i n  eq. (27) ,  assuring t h a t  u/ U = 1 .O whgn It may be shown t h a t  u 
peaks out when e = 6, = 6 / ( q * s  + l ) ,  while the  nominal length 6 i t s e l f  s i g n i f i e s  t o  
what extent  the e f f e c t  of heating from the  p l a t e  penetrated the f l u i d  above. 
numerical constant i n  eq. (25) may be approximated by the formula 

z = 6, appl ies .  

The 

C(p,q) = 1.013 (0.92 q + 2.30)-” ( 28) 
k s e d  on r e s u l t s  of Wieghardt ( c f .  Schlichting [ 6 ] ,  p. 601). 
becomes the Blasius formula, linked t o  q = 7 i n  eqs. (27) and (28);  when p = l/5, 
q = 9 appl ies .  
sen ta t ive  of turbulent  flow i n  general ,  regardless  of or ien ta t ion .  Furthermore, 
eqs. (27) and (28) s a t i s f y  the  boundary conditions f o r  u and 0 a t  z = 0 and z = 6 
i n  a s a t i s f a c t o r y  manner; with these subs t i tu t ions ,  with the  required i n t e g r a t i o n s  
car r ied  out ,  eqs. (10) and (11) yie ld  the r e l a t i o n s  

J 2 Il(l/r)z(rU d 2  6 )  = I2 @ eW6d6/dr - K3U2(v/U6) J 

With p = s, eq. (25) 

It is f e l t  t h a t  with these changes, eqs. (25) t o  (28) w i l l  be repre- 

2-p and (29) 

J 13(l/r) &(rU6) = K U ( V / U G ) ~  Pr-2/3-J1-p 5 
Assuming again v a l i d i t y  of eq. ( l3 ) ,  eqsl  (29) and (30) y ie ld  a f t e r  a few 

transformations the  expression f o r  the l o c a l  Nusselt number, f o r  m = L / (  2+3p) , and 

m(1-3p)pr-m(1-3p) (1 + Pr2I3K4/K1)-%a (31) ( K  /K )m(K /K ) 
n = 2 m ,  

r Nur = J K  5 2 1  5 4  
and the  average Nusselt number f o r  an equivalent square p l a t e  with s i d e  L ,  

m(l-3P)pr-m(l-3P)(1 + Pr2/3K /K )” , r  - h ( l - 3 P )  m NuL = J K  ( K  /K )m(K /K ) 

I n  eqs. (31) and (3la), the use of J should be considered e n t i r e l y  empirical: the  

4 1 1+3m RaL 5 2 1  5 4  
(314 

constants K below stand f o r  the  i n t e g r a l s  based on eqs. (27) a n d  (28) : n 
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3 = ( m  + n + l ) / ( U 0  ) J’:u0 dz = ( m  + n + 1) I K4 W 

With the  use of the  Blasius formula f o r  w a l l  shear stress and heat t r a n s f e r ,  
a n t  s = 8 and t = 4 i n  eq. (27) results have been obtained t h a t  f o r  5x105 < Ra < 
10 deviate f o r  less than k 1.5% from the least-squares f i t  curve representing t h e  
present experimental d a t a ,  o r  with m = 4/11 M 0.364, and Pr = 0.72, 

0.364 NU = 0.104 RaL 
L 

Here, m = 0.364 i s  somewhat lower than t h e  experimental value of m = 0.384. 
perimental value of m was c lose ly  approximated with m =  0.385, when p = 1/5, q = 9 ,  
s = 8 and t = 1 i n  eqs l  (27) and (28) was used, but the  constant i n  eq. (3la) w a s  
6% too low vis-;-vis experimental data. I n  order t o  g e t  the  commonly c i t e d  i n  t h e  
l i t e r a t u r e  value of m = l /3  f o r  the turbulen t ,  free-convective heat t r a n s f e r  from 
the  upward-pointing, horizontal  p l a t e  by the present method, p = l/3, q = 5,  s = 3, 
and t = 5 would have been required i n  eqs. (25) t o  (28) ,  t o  y ie ld  

The ex- 

NuL = 0.150 R a L  1 /3 ( 3 2 4  

Q u a t i o n  (32a) seems t o  fit  experimental data of  o thers ,  f o r  f r e e  convection with- 
o u t  r e c i r c u l a t i o n ,  r e a s o n a b l y  w e l l .  

The ana lys i s  out l ined above has been c a r r i e d  out along the  l i n e s  suggested i n  

As is I references 2 and 4, but modified i n  several  respects t o  f i t  t h e  physical require- 
ments of a horizontal  p l a t e  of f i n i t e  dimensions, heated and pointing upward. 
s t a t e d  i n  reference 4, t h e  exponent of R a ,  m = 2/5, f i t t e d  very well experimental 
data  f o r  turbulent  heat t r a n s f e r ,  f o r  f r e e  convection on v e r t i c a l  p l a t e s  and a ver- 
t i c a l  cyl inder .  It is seen t h a t  semi-empirical approaches can be used t o  advantage 
where the  exact ana lys i s  s t i l l  f a i l s  t o  give answers of p r a c t i c a l  s ignif icance.  

EFFECTS OF FREE CONVECTION ON HEAT T R A N S E X  AT CENTER OF A HCWIZONTAL PLATE 

It is obvious from the  consideration of t h e  cont inui ty  equation alone t h a t  
f r e e  convective flow, f o r  the  present geometry, w i l l  generate near t h e  center  of 
p l a t e  a v e r t i c a l  j e t ,  known as the  thermal plume. 
low, we assume t h a t  temperature d i s t r i l x t i o n  within t h e  plume i s  still given by 
eq. (12) ,  ht veloci ty  follows t h e  p r o f i l e  u = U(z/6,), z I 6,, u = U ,  z > 6,, and 

For  purposes of the  ana lys i s  be- 

I 

(33) 
I i U = - a r  - i w = 2 g z (r = z = o a t  center  of  p la te )  

where i = 1,  axisymmetric flow, and i = 0 ,  plane flow. 
i d e n t i c a l l y  the cont inui ty  equation. 
and the  heat  f l u x e s  i n  and out by Convection, as well  as by conduction a t  the  bot- 
tom through the  area element (2rrr)’dr, af ter  the  s u b s t i t u t i o n s  f o r  u and 0 have been 
made, there  r e s u l t s  the  expression 

U and W i n  eq. (33) g a t i s f y  
By considering a volume element (21T r)’dr6 
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Taking 0 f rom eq. (12) and U as s t a t e d  above, t h e  i n t e g r a l  i n  eq. (34) may be writ- 
t en ,  f o r  6,/6 << I ,  as I = -ar26/3. 
of t he  present thermal plume7, t he  expression 

It y ie lds  f o r  6 (which is a c t u a l l y  the  height 

I 

6 = (3a/g)’ (35) 
eq. (18), we may write Nu, = 2R/6 
is now t o  be derived. If d i f f e r e n t i a l  pressure a t  t h e  cen te r  of  t hep la t e  

i s  proportional t o  &&30wz/R, working through a dis tance de ,  t h a t  acce le ra t e s  a 
f l u i d  element from ve loc i ty  0 t o  W (here  2 is  the  constant of  p ropor t iona l i ty ) ,  one 

gets 

t he re ,  t he  simple r e s u l t  

The still required expression f o r  a 

P k R J”” BgeWz dz = p dA J”:w (dw/dz) dz ,  on assumption of i nv i sc id  f low 

I 

I (36) 

I = (2/3)” & Pr” G r R Y  (38) N% 

= 0.864 & RaLY (39) 

From comparison with eq. (33), eq. (36) y i e lds  
I ( 37) 2 4 +  I 

- a = (@g0&)‘/2 = (2 G n ,  /R ) /2, and 
1 1 -  4 

1 
For a i r  with P r  = 0.72, and L = rr”R, there  results 

I - 

In t eg ra l  methods generate use fu l  r e s u l t s  t h a t  still depend on the  approximating PO- 
lynomials needed t o  represent  u and 0 .  

eq. (33) is s a t i s f i e d ,  w e  obtain from eqs. (34) and (37) 

Thus, i f  i n  the  present case w e  use eq. (12) 
I f o r  both u and 0 ,  but  with the  reasonable cons t ra in t  t h a t ,  a t  z = 6,, u = U ,  s o  t h a t  

(394 

I 

I 
1 
4 
- 

= 0.710 _k RaL 

Application of t he  same procedure t o  t he  case of an i n f i n i t e  s t r i p  (i = 0 i n  
eqs. (33) and (34), u and 0 according t o  eq. (12) , and scale f a c t o r  S = 27/4 appl ied 
t o  u ) ,  y i e lds  for a s t r i p  of t he  width 2b 

i 1 

(40) 
- 

= 0.62 _k Rab* Nub 

It is t o  be emphasized t h a t  eq. (34), obtained from a d i r e c t  summing up of t he  

exact i n t eg ra t ion  of the  energy equation, as  the  chosen 

This g r e a t l y  simplifies the  

c o n v e c t i v e  and  c o n d u c t i v e  c o n t r i b u t i o n s  t o  t h e  c o n t r o l  volume, d i f fers  i n  s i g n  from 
eq. (11) , obtained from t h e  
coordinate system is d i f f e r e n t .  Also, as the  hydrodynamic information on 6 is  not 
requi red ,  t he  momentum equation i s  not a t  a l l  involved. 
problem. The use of scale f a c t o r  S here is needed t o  s a t i s f y  the  cont inui ty ,  eqs.(33). 

RELATIONS FOR A HORIZONTAL DOWNWARD-FACING PLATE 

It appears t h a t  f o r  t h i s  geometry the  conventional boundary-layer approach i s  
not possible  (c f .  reference (3) ,  f o r  example) I n  the  present case ,  the  only reason 
f o r  t he  movement of  f l u i d  i s  its thermal expansion, due t o  t he  contact  with t h e  w a l l  
a t  T,. 
metric s tagnat ion f l o w ,  f o r  which an exact so lu t ion  of t he  Navier-Stokes equations 
e x i s t s  ( reference 6 ,  p. 100) 

Therefore, the  r e su l t i ng  f l o w  is s i m i l a r  t o  t h a t  occurring i n  forced ,  axisym- 

One can expect t he  f l u i d  temperature near r = 0 
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t o  vary, on the average, a t  some dis tance below t h e  p l a t e ' s  cen ter ,  as 

(4-1) 2 2  0 = ( 0 d 2 )  (1 - r /R ) 

while simultaneously t h e  veloci ty  terms f o r  the  p o t e n t i a l  flow r e l a t e d  t o  the  pre- 
sen t  problem follow the  r e l a t i o n s  s a t i s f y i n g  i d e n t i c a l l y  t h e  cont inui ty  equation: 

t h a t  appl ies  t o  any incompressible flow, t o  any geometry. If the  f l u i d  i n  question 
is perfect  gas ,  the  term a P / a r  i n  eq. (2)  may be now transformed as ( with Pv = ET) 

using eq. (41) f o r  T = 0 -t Too. I n  quiescent g a s ,  P = g/v times an element of length 
a sumed here t o  be proportional t o  R .  
- k t o  be t h a t  constant of proport ional i ty ,  without the  l o s s  of genera l i ty .  

A s  _a is  still a free constant ,  w e  may assume E Then, 

ap 4 4 * 2  4 * 2  
a r  - W 

- - -  - k Bg0 r/(Rv) = k Gr v r(Rv)-';letting 2 = k Gr v / R ,  there  results 

2 - P a r  ap 
a r  - - -  (43) 

With the  present d e f i n i t i o n  of 2, t h e  pressure-gradient r e l a t e d  term i n  t h e  
momentuvequation is linked t o  the  ac t ing  temperature d i f f e r e n t i a l ,  0,. 
u = r f (z) , and w = -2 f ( z ) ,  and using a new variable  v, = ( d v ) % ,  eq. (3) above i s  
r e a d i l y  solved. This so lu t ion  i s  considered as good f o r  t h e  complete Navier-Stokes 
equation (reference 6,  p. 100) .  
is ava i lab le  (cf . references 7 and 8) . 

Writing 

The  corresponding so lu t ion  of the energy equation 
For P r  near u n i t y ,  w e  have 

0.4 3 = 0.763 P r  Rer Nur 
This i s  a boundary-layer type so lu t ion ,  based on a exact so lu t ion  of the  Navier- 
Stokes equ t i o n s .  
( G r r  r/R)L?2 . With Pr = 0.72, and L = rrTR, t h e r e  r e s u l t s  f o r  a i r  

A s  here Re, = Ur/v  , wi$h 3 from eq. (43), we get Re, = 2 
1 - 

= 0.630 _k RaL4 (45) 
where _k i s a n  experimental constant with a value _k NN 0 . 5  i n  view 
K = 0.27 and m = 1/4 i n  the  o r i g i n a l  cor re la t ion  due t o  Saunders and Fishenden, f o r  
example [ 9 ] .  
gion where 
c u l a r  p l a t e  (i = 1) , and near the  center  of  a long s t r i p ,  where r is t h e  dis tance 
away from t h a t  cen ter ,  (i = 0 ) .  It is of some i n t e r e s t  t o  note t h a t  a so lu t ion  can 
a l s o  be obtained through a d i r e c t  in tegra t ion  of eq. (11) here,  f o r  the  same veloci- 
t y  and temperature d i s t r i b u t i o n s  as i n  eq. (12),  W t  using a ormalizing f a c t o r  J = 
27/4, such t h a t  eq. (42) is s a t i s f i e d .  Then from 6 = (a/a)lfi* - 2.11, and P r  = 0.72 
we have t h e  formula 

of t h e  constant 

It must be s t ressed  t h a t  the  present approach is v a l i d  only i n  t h e  re -  
eqs.  (41) and (42) continue t o  apply, t h a t  is, near the  center  of a cir-  

The term k '  expresses t h e  e f f e c t  of geometry a t  hand as well as t h a t  of the  approx- 
imating polynomials used. _k' = 0.25 y i e l d s  K t h a t  comes c lose  t o  t h e  above Saunders 
and Fishenden r e s u l t .  

It is seen from the  discussion above that methods, based both on t h e  exact so- 
l u t i o n  of the  Navier-Stokes equations, and on t h e  in tegra ted  energy equation method, 
lead t o  r e s u l t s  t h a t  are experimentally v e r i f i a b l e .  The r e l a t i o n s  f o r  streamline 
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and temperature d i s t r i h t b o n ,  calculated by Miyamoto e t  a l .  L l O ]  agree qua l i t a t ive ly  
with our  eqs . (41) and (42) and are a l s o  suggested by t h e  sc eme shown i n  Fig. 3 .  
I n  reference 10 are also reported r e s u l t s  of Sugawara and Michiochi [ll], where K = 
0.264 and m = 1/4, t h a t  a r e  based on the  boundary-layer approximation. 

I n  addi t ion  t o  our eqs. (45) and (46),  and t o  so lu t ions  reported i n  refer- 
ences 10 and 11, there  e x i s t  a l s o  severa l  approximate a n a l y t i c a l  so lu t ions  f o r  the  
present geometry with m = l/5 A s  an expla- 
nation f o r  t h i s  one should consider t h a t  as  the  exact so lu t ion  of t he  governing mo- 
mentum equation i s  only va l id  near r = 0 ,  and with m = 1/4 appl icable  f o r  t he  associ-  
a ted  heat  t r a n s f e r  problem, the  f l o w  s t a r t i n g  far away from the  stagnation poin t ,  
a t  the  edge of  t he  p l a t e ,  would result i n  a quasi-boundary l aye r  f l o w  f o r  which, a t  
least i n i t i a l l y ,  m = 1/5 would be e n t i r e l y  appropriate .  
a l l y  nonsimilar f o r  a good port ion of 0 < r < R .  

proposed ( c f .  references 12  and l3), 

The real  flow must be actu- 

DISCUSSION OF EXPERIMENTAL RESULTS 

It is i n t e r e s t i n g  t o  note t h a t  the  present experimental r e s u l t s  sho t h a t  
t r a n s i t i o n  t o  turbulent  f l o w  has  a l ready occured as ea r ly  as a t  Gr = 5x103, i n  a- 
greement with t h e  discussion by McAdams [5] , p.182, as the  s i d e  e f f e c t  of t he  con- 
finement i n  the  r e l a t i v e l y  small vacuum chamber. (hlr own experimental r e s u l t s  on 
f r e e  convection on an upward-facing, horizo t a l  heated p l a t e  a r e  shown i n  F ig .  4. 
It is seen from Fig .  4 t h a t ,  f o r  R a <  6 x l o 3  , the  experimental data  show a rea-  
sonable agreement with eq. (24) here ,  but the  number of  experimental po in t s  f o r  
what i s  considered laminar f r e e  convection on a typ ica l  upward-pointing, hor izonta l  
p l a t e ,  heated on both s ides ,  is not s u f f i c i e n t  f o r  a d e f i n i t i v e  f ind ing .  For  com- 
par ison,  l e t ' s  consider the  formula proposed by Lewandowski and Kubski [I&] f o r  a 
horizontal  p l a t e  100 x 60 mm, heated on one s ide  only,  

Nu = 0.66 Ra 115 (47) 
4 va l id  f o r  

t i l l e d  water, g lycer ine ,  and soybean o i l .  
eq. (21) above. 
ferometer,  and f o r  10 < R a  < lo7, i n  a i r ,  obtained 

10 < R a  < I O 7 ,  with a f 10% e r r o r  margin, k s e d  on experiments with d is -  

On t e o ther  hand, Yousef e t  a l .  [ls] , using Mach-Zehnder i n t e r -  
EQuation (47) i s  very c lose  t o  our  

k 
(48) 1/4 Nu = 0.622 Ra 

for square plates-  w i t h  L = 100,  200,  and 400 mm. A similar exponent of R a  has been 
a l s o  obtained by a number of  other  i nves t iga to r s ,  f o r  a i r  and f o r  t he  same geometry: 
Fishenden and Saunders [16] , Bosworth [17] , A 1  Arabi and El-Riedi [18] , f o r  ex- 
ample, with K = 0.54, 0.71 , 0.70, respec t ive ly ,  a l l  of them f o r  laminar f l o w .  The 
experimental constants  K come very close t o  t h a t  i n  our  eq. (39a) with & = 1 . O ,  but 
the  range of  R a  is similar. The d e t a i l s  are shown i n  F ig .  5 .  This  discussion ap- 
p l i e s  t o  t he  average Nusselt numbers only. It is seen t h a t  eqs. (21) (hor izonta l  
p l a t e  heated on one s ide  only) ,  and (24) (hor izonta l  p l a t e  heated on both s i d e s ) ,  
t h i s  paper, f a l l  unquestionably i n t o  t he  range of the  experimental r e s u l t s  reported 
i n  t h e  recent  l i t e r a t u r e ,  although there  are d i f fe rences  i n  the  power of the  Ray- 
le igh  number: m = 1/5 is  recommended i n  reference 14 and i n  t h i s  paper (depending 
on the  f l o w  s i t u a t i o n ) ,  and i n  reference 14, while references 15 t o  18 repor t  m = 
1/4. A l s o ,  i n  t h i s  paper, expressions f o r  m = 1/4 and m = 1/3 have been derived. 

For  turbulent  convection r e s u l t s  shown i n  F ig .  4, the  l e a s t  squares f i t  equa- 
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t i o n  i s  

(49) 
t h a t  agrees reasonably w e l l  with the  calculated formula, eq l  (32) here ,  while i n  re- 
ference 14 the  experimental r e s u l t  

NU = 0.173 Ra 1 /3 
5 8 

is proposed, va l id  f o r  10 < Ra < 10 . This r e s u l t  is t y p i c a l  of other  experimental 
f indings shown i n  Fig.5,  where, i n  addi t ion,  references 14 t o  21 are included. 
From the  review of the above it is  seen t h a t  m = l /3  is very common f o r  the  s i tua-  
t i o n s  where turbulent f r e e  convection takes  place on horizontal  p l a t e s ,  heated on 
one s ide  only. For t h i n  p l a t e s ,  of f i n i t e  s i z e ,  heated on both s i d e s  i n  f i n i t e  en- 
c losures ,  m increases  somewhat, due apparently t o  flow i n s t a b i l i t i e s  generated by 
heat  t r a n s f e r  a t  t h e  bottom of the p l a t e .  

To produce the  exponent m = l/3 f o r  tu rbulen t ,  free convective flow i n  the  
present case,  p = l /3  would have been necessary i n  eq. (25). 
see t h a t  most of the  experimental results f o r  the  upward-pointing, heated p l a t e  
show a remarkable s i m i l a r i t y  with the  r e s u l t s  f o r  the  v e r t i c a l  walls;  
of Eckert and Jackson i n  reference 4 of m = 2/5 is worth noting, as it is derived 
from a semi-empirical theory,  as exemplified here by eqs. (25) and ( 2 6 ) ,  and is al-  
so  backed up by experimental data. 
vective heat t r a n s f e r ,  i n  comparing r e s u l t s  f o r  horizontal  with those f o r  the ver- 
t ical  geometry, l i e s  i n  the effect of the  thermal j e t  generated a t  the  point  where 
the boundary flow meets head-on and a thermal plume is formed - something l i k e  the  
reverse of the s i t u a t i o n  depicted i n  Fig.  3. This aspect has a l s o  been analyzed 
above separately f o r  laminar flow. It is mentioned a l s o  by Bosworth i n  reference 1 7 .  

It is i n t e r e s t i n g  t o  

the  f ind ing  

It appears t h a t  t h i s  s i m i l a r i t y  i n  f r e e  con- 

For a horizontal  p l a t e  facing downward, the  controversy concerning the  v a l i -  
d i t y  of the  exponents m = 1/5 vs.  m = 1/4 can be resolved with t h e  ana lys i s  of the  
flow s i t u a t i o n ,  represented here schematically as  Fig.  3. The flow on a downward- 
facing,  heated horizontal  p l a t e  i s  visual ized.  It is seen t h a t  near the stagnation 
point a t h i n  boundary-layer-like region e x i s t s .  Then, f a r t h e r  away, t h e  "boundary- 
layer" becomes a t  first th icker ,  but t h a t  thickness is gradually diminishing, as I 

the  edge of p l a t e  is approached. I n  t h i s  fashion,  two kinds of ex is t ing  a n a l y t i c a l  
solut ions,  and the  corresponding ex is t ing  dual  experimental c o r r e l a t i o n s  could be 
reconciled,  as e i t h e r  of the  flow modes may predominate i n  the  given experimental 
set-up. 

flow regime there  must have been already turbulent  f o r  R a  as  low as 6 x I O 5 .  There 
is a considerable scatter of the  d a t a ,  ind ica t ing  a highly unstable  flow. 
t r a n s f e r  i n t e n s i t y ,  as represented by the  corresponding Nusselt numbers, is roughly 
50 % of t h a t  ex is t ing  on the  upward-facing s i d e  of p l a t e ,  which is a l s o  t o  be found 
i n  the  l i t e r a t u r e  (cf .  reference 19 ) .  
by e i t h e r  of the two equations below. 
f i t  

I 

Our own experimental data  a r e  shown i n  Fig.6.  It is seen from Fig.6 t h a t  the  I 

Heat 

The results shown i n  F ig .  6 may be cor re la ted  
Equation (51) represents  t h e  l e a s t  squares 

Nu = 0.0017 RaL 0 0596 
L 

while eq. (52 )  represents  the  l imi t ing  case of flow corresponding t o  p = 0 i n  eq. 
(25) , o r  

NuL = 0,0064 RaL 0 a 5  
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The r e l a t i v e l y  l a rge  exponents of t he  Rayleigh number i n  t h e  present case in- 
d i c a t e  t h a t  some r ec i r cu la t ion  of t he  a i r  i n  the  t e s t  chamber was a c t u a l l y  taking 
place,  as t h e  r e s u l t  of simultaneous heating of t he  bottom and t h e  top of t h e  t e s t  
p l a t e ,  thus represent ing a kind of  synerg is t ic  effect. Few other  data f o r  t h e  pre- 
s en t  configuration a r e  ava i lab le  f o r  t h e  turbulent  regime, f o r  t he  sake of compari- 
son, except those i n  reference 19, cor re la ted  by a formula t h a t  represents  simply 
one-half of t h e  r e s u l t s  obtained with t h e  heated f l a t  p l a t e  fac ing  upward, with m = 
l/3, within f lo%, as 

Nu = 0.06 Ra 1/3 

I Obviously, more da ta  f o r  t h i s  configuration are still required,  and our  ob jec t ive  
has been t o  f i l l  t h i s  need a t  least p a r t i a l l y .  
are discussed i n  reference 3. 

f r e e  convection, on both s ides  of  t he  horizontal  p l a t e ,  many inves t iga to r s  still 
use co r re l a t ions  of t he  type N 

pancy. I n  reference 17 ,  K occurring i n  eq. (53) is given as 0.08, without d e t a i l s .  

Additional cases f o r  t h i s  geometry 
A general  comparison of results of  var ious inves t i -  

, ga to r s  is shown i n  Fig.  7. It is seen from the  discussion above t h a t  f o r  laminar 
I 

= K Ra" while some p re fe r  t he  supposedly more "theo- 
r e t i c a l "  version of Nu = X R a l  9 5 . A  p laus ib le  explanation w a s  given f o r  t h i s  discre-  

It is worth noting t h a t  Mangler's transformation changes r e l a t i o n s  v a l i d  f o r  
two-dimensional flow over a wedge i n t o  expressions va l id  a l s o  i n  three-dimensional 
(s tagnat ion)  f l o w ,  without t he  change of  power of  Re, f o r  forced convection. 

nolds number replaced by its physical equivalent,  t he  Grashof number t o  one ha l f  
power. 

on edges and the  d e t a i l s  of how the  p l a t e s  wers heated. 
mind t h a t  t h e  left-hand s ide  of  t he  in tegra ted  energy equation is the  same f o r  both 
forced and f r e e  convection, regard less  of  t he  f l o w  regime. 
t h a t  equation must be changed t o  an empirical  formula when the  f l o w  is t u r b l e n t ,  
however. 

A s i m -  
I ilar phenomenon, by analogy, may be a l s o  expected f o r  free convection, with the  Rey- 

I Moreover, t he  prec ise  values of K would depend on experimental condi t ions I 
I and refinements observed while taking measurements, on geometry, boundary condi t ions , 

It should a l s o  be kept i n  

The right-hand s i d e  of 

1 

CONCLUDING REMARKS I 
For turbulen t ,  free-convective heat  transfer, character ized by an exponent m >  

0.25, most i nves t iga to r s  propose m = l/3. 
cases of r e a l l y  well-developed, rough, non-isotropic turbulence,  that exponent may 
g e t  as high as 0,384 and perhaps even higher than 0.5, as  is indicated by t h e  pres- 
en t  experiments, f o r  t he  s i g n i f i c a n t l y  unstable  flow a t  the  bottom of a h e a t e d , f l a t  
hor izonta l  p l a t e ,  heated on both s ides .  This  uncer ta in ty  is a l s o  due t o  the  fact  
t h a t  experimental r e s u l t s  f o r  turbulent  f r e e  convection f o r  t h a t  p a r t i c u l a r  geome- 
t r y  are still very scarce, and addi t iona l  data are needed. Because of r e l a t i v e l y  
low convective heat  t r a n s f e r  coe f f i c i en t  here ,  t he  e f f e c t  of  r ad ia t ion  cor rec t ion  
becomes very important. 

f e r r ed .  

It is conceivable, however, t h a t  f o r  

Cases have been found i n  our  experimentation where t h i s  
, 
I correct ion f o r  some specimens amounted t o  more than 50 % of the  t o t a l  hea t  t rans-  

both s i d e s  of  p l a t e  were heated, t he  present inves t iga t ion  may be considered the  
first of  i ts kind. The maximum t o t a l  experimental e r r o r  i s  calculated as  f 15 %, 

Because of  its emphasis on the  r ad ia t ion  aspec ts  i n  t h i s  case ,  and s ince  
I 
I 
I 

A general  comparison of  t h e  various experimental and a n a l y t i c a l  co r re l a t ions  
i s  shown i n  F igs .  3 and 7,  t o  stress the  degree t o  which the  r e s u l t s  from t h e  lit- 
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e ra tu re  still d i f f e r  from each o ther .  
vironment, the  present experiment shows t h a t  r ad ia t ion  cooling of e l ec t ron ic s  is 
more promising than free-convective cooling, where c h a r a c t e r i s t i c  v e l o c i t i e s  are pro- 
por t iona l  t o  one ha l f  power of the  Grashof number. 
e r a t ion ,  Grashof numbers w i l l  be small, and effects of convective cooling negl i -  
g i b l e .  

It is a l s o  believed t h a t ,  f o r  t h e  space en- 

With weak g r a v i t a t i o n a l  accel- 
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Figure 1 .  Experimental test set-up. 
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Figure 2. Emissivities of all samples tested. 1 - oxydized aluminum 
with Parson's black coating; 2 - oxydized aluminum with finger 
prints; 3 - oxydized aluminum, clean; 4 - oxydized aluminum, 
burnished; 5 - polished copper (all results by least squares fitting 
method; error margin: less than k 6.5%). 
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Figure 3. Schematic representation of natural convection near the 
center of a downward-facing, heated plate of finite dimensions. 

Figure 4. Average Nusselt number vs. Raleigh number for 
three specimens on horizontal, heated plate facing upward 
(maximum error 2 15%). 
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Figure 5.  Comparison of results of various investigators, for a heated, 
upward-facing horizontal plate. 

Figure 6. Average Nusselt number vs. Raleigh number for 
three specimens on horizontal, heated plate facing downward 
(maximum error: +- 15%). 
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Figure 7.  Comparison of results of several investigators, 
for a heated, downward-facing, horizontal plate. 
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